We present a constant-Q time-domain wave equation. It is derived from Kjartansson's constant-Q constitutive stressstrain relation in combination with the mass and momentum conservation equations. Our wave equation, expressed by a second order temporal derivative and two fractional Laplacian operators, models attenuation and dispersion effects. The temporal derivative is solved by the staggered-grid finite-difference approach. The fractional Laplacian is easily calculated in the spatial frequency domain using say a Fourier pseudo-spectral implementation. The advantage of using our fractional Laplacian formulation over the traditional fractional time derivative approach is the avoidance of storing the time history of variables and thus more economic in computational costs. In numerical simulations, we incorporate PML (perfectly matched layer) absorbing boundaries. Furthermore, we verify the accuracy of numerical results through comparisons with theoretical constant-Q attenuation and dispersion solutions, McDonal's measurements in the Pierre shale, and results from 2-D viscoacoustic analytical modeling for the homogeneous Pierre shale. We then generalize our rigorous formulation for viscoacoustic waves in homogeneous media to an approximate equation for heterogeneous media. We demonstrate the applicability and efficiency of our constant-Q time-domain approach wave equation in a heterogeneous medium with highly atttenuative formation.
Introduction
Attenuation causes reduced energy and distorted phase of seismic waves (McDonal et al., 1958) . In particular, high attenuation (i.e. low Q) due to the presence of gas pockets (Dvorkin and Mavko, 2006) results in the poor seismic imaging of structure within and below such gas zones (Xie et al., 2009; Zhou et al., 2011) . Accurate attenuation modeling of seismic waves is therefore important for improved imaging.
The constant-Q model (Kjartansson, 1979) in the timedomain wave equation is attractive because it is accurate in producing perfectly constant Q behavior at all frequencies in the band. However, the constant-Q model introduces the fractional time derivative, i.e. irrational (or non-integer) power of the time derivative (Caputo and Mainardi, 1971) .
Recently this fractional calculus has been introduced to model seismic wave propagation (Carcione et al., 2002; Carcione, 2009; 2010; Zhang et al., 2010) . Nevertheless, it is notable that the fractional time derivative of a single variable, e.g., t, depends on all the previous values of this variable. This property requires large memory of stressstrain history from t=0 to present time (Carcione, 2010) . Therefore we have to pay the expense of memory resources even though it is possible to truncate the operator (Podlubny, 1999) .
To overcome this memory expense, Chen and Holm (2004) proposed to use the fractional Laplacian operator to model anomalous attenuation behavior in fractional wave equations. The fractional Laplacian is easily evaluated in the spatial frequency domain. As a result, the fractional Laplacian successfully avoid additional memory required by the fractional time derivative, and it can be efficiently computed by the generalized Fourier pseudo-spectral approach (Carcione, 2010) .
In this paper, we first derive a time domain wave equation using the fractional Laplacian to model constant-Q behavior. Starting from Kjartansson's constant-Q constitutive stress-strain relation, we derive the formulation for homogeneous media and then generalize to heterogeneous media. This constant-Q wave equation introduces decoupled attenuation and velocity dispersion operators based on the fractional Laplacian. For numerical simulations, PML (perfectly matched layer) absorbing boundaries are easily incorporated with the first-order constant-Q equations. The spatial derivative is computed by a staggered-grid pseudo-spectral method while a staggeredgrid finite-difference approach is used for temporal simulation.
Constant-Q wave equation
In geophysics, attenuation (proportional to 1/Q) is considered to be approximately linear with frequency in many bands (Kolsky, 1956; McDonal et al., 1958; Kjartansson, 1979) , i.e. Q is constant over these frequency ranges. Kjartansson (1979) explicitly gave a linear description of attenuation that exhibits the exact constant Q characteristic, which uses fractional derivatives that are based on a relaxation function of the form t !2 " , instead of integer order of t. The relaxation function is given as In terms of the Caputo's fractional derivative (Caputo, 1971) , the isotropic stress-strain ( ! -! ) relation will be deduced in the form
The symbol ! represents the convolution operator. The strain ! has non-integral order 2! of time derivative so it is called fractional time derivative.
Combining equation 2, the stress-strain relation, with the momentum conversation equations, the fractional wave equation for constant density is obtained
where p is pressure field and ! 2 is the Laplacian operator. 2 ! 2" is the non-integer order of the time derivative, which is the so-called fractional time derivative.
The velocity 0 c is specified at a particular frequency. It is 
Since i 2 ! = cos("! ) + i sin("! ) , equation 4 is split into parts as follows:
In terms of the fractional Laplacian operator (Chen and Holm, 2004) , we obtain the constant-Q wave equation
where the coefficients are
Under the weak attenuation conditions used previously, the corresponding dispersion relation is given by equation 5. It is evident that the first operator in the right side must correspond to the dispersion while the second is the diffusion part in wave equation that represents attenuation effects. Note that equation 6 is essentially identical to equation 3, the fractional time wave equation. When Q is infinite (no attenuation), i.e. ! = 0 , equation 6 exactly becomes the familiar acoustic wave equation. In addition, Kjartansson (1979) proved that the constant-Q dispersion relation is fulfills the Kramers-Krönig relation and therefore causal. Thus the causality of the constant-Q wave equation (6) is guaranteed.
In smoothly heterogeneous media, 0 c and Q are the spatially dependent velocity and Q. Using the local principle of pseudo-differential operator (Stein, 1993), we now adapt the fractional wave equation in a homogeneous medium to approximate a heterogeneous medium. This means replacing the constant parameters appearing in the pseudo-differential operator by the variable parameters. The approximate fractional wave equation in smoothly heterogeneous media is then obtained
where (Treeby and Cox, 2010) . The calculated attenuation and dispersion appear to fit well the theoretical values as well as experimental data. In Figure 1b the calculated phase velocity drops rapidly below 40 Hz and cannot fit this portion of the theoretical results well. The possible reason is that the loss at low frequency is mostly dominated by geometric spreading (Sheriff and Geldart, 1995) . Similar observations were made by Wuenschel (1965) and Liu et al. (2005) . (Carcione et al., 1988) . They show the excellent agreement with RMS error of 6.3e-4.
Constant-Q wave equation in the time domain
The synthetic example is shown in Figure 3 to demonstrate the applicability of the fractional Laplacian model for a Figure 4 shows the acoustic and viscoacoustic seismograms. Apparently, the reflections from last interface are attenuated after propagating back to receivers above interface 4-5. Direct waves also have loss. It shows clearly that the amplitudes of the reflected and direct waves decrease rapidly with the increasing distance. To check its accuracy of the constant-Q wave equation, we also ran the viscoacoustic modeling using the single relaxation mechanism (Zener model), which is considered to be reasonably accurate in practical applications (Blanch et al., 1995; Zhu et al., 2012) . Modeling of nearly constant-Q model can be found in the previous study (Zhu et al., 2012) . 
Conclusion
We have derived a time-domain constant-Q wave equation using the fractional Laplacian instead of the more familiar fractional time derivative. Starting from Kjartansson's constant-Q model, we first provided the detailed formulation of this constant-Q wave equation in homogeneous media. We then used a localization principle to extend the homogeneous equation to a generalized wave equation for smoothly heterogeneous media.
Numerical results of Pierre Shale rock demonstrate that this proposed wave equation describes the expected constant-Q attenuation and dispersion. Meanwhile, we show that numerical solution is highly accurate by comparing to analytical solution in homogeneous Pierre Shale medium. The final application demonstrates the applicability of the constant-Q wave equation for generally heterogeneous medium.
Acknowledgments
The author TZ would like to thank Stanford Wave Physics (SWP) Laboratory for financial support. 
